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B. Inclusion of Surface Force

Assume an arbitrary force that acts at the surface of the droplet
and causes a distortion of the droplet static shape. We assume that
the interaction between the drop oscillation and the external � eld
is negligible. In general, the force can be expanded in terms of
spherical harmonics as
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This is a Taylor-series expansion of an arbitrary function about the
origin in sphericalcoordinates,and Pext is assumed to be suf� ciently
continuous. The surface condition

d p D c (1/ R1 C 1/ R2) C Pext (23)

can now be applied. The time-dependent terms in the complete sur-
face condition give after simpli� cation
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IV. Conclusions
In this work the oscillations of an oblate spheroid shape invis-

cid droplet subjected to external forces have been considered. The
analysis developed can be extended to consider different static de-
formation shapes. We have explained the frequency splitting fre-
quentlyobserved in experiments and are able to interpret these split
spectra more accurately in thermophysicalproperty measurements.
Comparisons between experiment data and analytical predictions
concerning the frequency splitting of deformed levitating droplets
are instructive for evaluating the state of knowledge of the forces
acting on a levitated droplet.
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Nomenclature
f = dimensionless stream function,

(Gr/ 4)¡1/ 4 w (x , y)/ (4 m )
Gr = Grashof number, g k jTw ¡ T1jx3/ m 2

g = acceleration caused by gravity, m/s2 ,
dimensionless intensity function

Ib(T ) = blackbody radiation intensity, W/m2-sr
I C( t , l , n ) = radiation intensity for positive values of l ,

W/m2-sr
I ¡( t , ¡ l , n ) = radiation intensity for negative values of l ,

W/m2-sr
k = thermal conductivity,W/m-K
Nc = conduction-radiation number D kb / 4r T 3

w

Pr = Prandtl number, m / a
p( l , l 0) = slab-scatteringphase function
p( l p) = single-scatteringphase function
Qr = dimensionless radiative heat � ux, qr / 4 r T 4

w

qr = radiative heat � ux, W/m2

q t
w = total heat � ux from wall, W/m2

T = temperature,K
Tw = hot-plate temperature, K
T1 = ambient temperature, K
u = x-direction velocity component, m/s D ¶ w / ¶ y
v = y-direction velocity component, m/s D ¡ ¶ w / ¶ x
x , y = coordinates respectively in the parallel and

perpendiculardirections of the plate, m
a = thermal diffusivity, m2/s
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b = extinction coef� cient, j C c , m¡1

c = scattering coef� cient, m¡1

e = emittance of plate surface
g = dimensionlessdistance, (Gr/ 4)1/ 4(y/ x)
h = dimensionless temperature, T / Tw

h 1 = T1/ Tw

j = absorption coef� cient, m¡1

k = coef� cient of thermal expansion, K¡1

l = cos v
m = kinematic viscosity, m2/s
n = dimensionlessaxial distance (Bouguer number),

b x / (Gr/ 4)1/ 4

q = density, kg/m3

q d = diffuse re� ectance of plate surface, 1 ¡ e -q s

q s = specular re� ectance of plate surface, 1 ¡ e - q d

r = Stefan–Boltzmann constant, W/m2-K4

t = optical depth of the medium at y de� ned by
d t D b dy

v = polar angle, angle between the radiation vector
and the y axis

w = stream function
x = scattering albedo, c / b

Introduction

T HE effect of radiationinteractionis more signi� cant for natural
convection rather than for forced convection. The interaction

of radiation with laminar natural convection from a vertical plate
was � rst modeled by Cess1 for an absorbing and emitting � uid for
the opticallythickcaseemployinga singularperturbationtechnique.
Arpaci2 includedboth opticallythin and thick cases for an absorbing
and emitting medium and solved the problem using an approximate
integral technique. Later, Cheng and Ozisik3 extended the analy-
sis to include isotropic scattering and employed an exact treatment
(normal mode expansiontechnique) for the solutionof the radiation
part. The objective of the present Note is to investigate the effects
of the degree of anisotropy in radiation scattering on the heat � ux
whencombinedlaminarnaturalconvectionand radiationtakesplace
from a heatedvertical plate to an absorbing,emitting,and scattering
� uid.

Mathematical Model
The governing equations are those of the conservation of mass,

momentum, and energy equations for a vertical plate maintained
at a uniform temperature Tw immersed in a radiatively absorb-
ing, emitting, and scattering gray � uid at a temperature T1 out-
side the boundary layer. The stream function and vorticity formu-
lation is used. The equations are expressed in a dimensionless form
as3
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The boundary conditions are

f D
¶ f

¶ g
D 0 at g D 0 (3a)

¶ f

¶ g
D 0 at g D 1 (3b)

h D 1 at g D 0 (3c)

h D h 1 at g D 1 (3d)

f D f0 and h D h 0 at n D 0 (3e)

where f0 and h 0 are the solutions to the problem for the pure natural
convection when there is no radiation.

Radiative Flux Calculation
The radiative transfer equation describing the intensity variation

for an absorbing, emitting, scattering, gray, semi-in� nite, plane-
parallel medium may be written as4

l
¶
¶ t

I ( t , l , n ) C I ( t , l , n ) D (1 ¡ x ) Ib[T ( t , n )]

C
x

2

Z 1
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p( l , l 0)I ( t , l 0, n ) d l 0 (4)

The boundary conditions are

I (0, l , n ) D e Ib (Tw) C 2 q d

Z 1

0

I (0, ¡ l , n ) l d l

C q s I (0, ¡ l , n ), l > 0 (5)

I ( t D 1, ¡ l , n ) D I ( t D 1, l , n ) (6)

The optical depth variable t is de� ned as d t D b d g . The relation
between t , g , and n is given as

t D n g (7)

Equation (6) means that at t (or g ) D 1 the radiative � ux van-
ishes. For numerical computations 1 is represented by t max D
n g max , where g max is a suf� ciently large value representing the edge
of the boundary layer. In the subsequentparagraphsthe variable n is
omittedwhile writing I ( t , l , n ), for the sake of brevity, becausewe
are only concerned with the evaluationof intensity at a particular n
station.

Discrete ordinates method (DOM)5 is used to transform the inte-
grodifferentialequation (4) into a system of coupled linear ordinary
differential equations (ODEs). Use of DOM for planar radiating
� ow is discussed by Cheng and Lui.6 We follow the implemen-
tation of DOM employed by Love and Grosh.7 For convenience
I ( t , l ) is separated into a forward component I ( t , l ), l 2 (0, 1)
and a backward component I ( t , ¡ l ), l 2 (0, 1), and an m-point
Gauss–Legendre numerical quadrature rule is applied to evaluate
the scattering integral in Eq. (4) for each component:
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where wi , l i , i D 1, m are the weights and abscissas of the quadra-
ture rule.The boundaryconditionequationswith the quadraturerule
applied are written as

I (0, l i ) D e Ib(Tw) C 2q d
mX

j D 1

w j l j I (0, ¡ l j ) C q s I (0, ¡ l j )

(10)

I ( t max, ¡ l i ) D I ( t max , l i ) (11)

Equations (8–11) constitutea two-point boundary value problem
in ODEs. These equations are solved by a shooting method in con-
junction with the Crank–Nicolson (CN) method as core integrator.
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The iterative scheme is tailored with the Ng-acceleration scheme
described by Auer8 to speed up convergence.

Equation (2) contains the divergenceof the radiative � ux term as
the last term. This is evaluated as5

¶ Qr

¶ g
D (1 ¡ x ) n [h 4( g ) ¡ g( g )] (12)

where g( g ) is the dimensionless incident radiation function evalu-
ated from the radiation intensity distribution I [t ( g ), l ] as5
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The dimensionless radiative heat � ux Qr may now be obtained as
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The total heat � ux at the wall is the sum of the convective and
radiative contributionsand is given as
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D ¡k
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(15)

A local Nusselt number may now be de� ned to represent the total
heat � ux from the wall to the � uid as

Nu D
q t

w
x
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(16)

Substitution of Eq. (15) into Eq. (16) results in
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Numerical Scheme
Solution of the partial differential system, Eqs. (1) and (2), along

with the boundaryconditions(3a–3e), obtains the velocity and tem-
peraturepro� les within the boundarylayer.Finitedifferencingin the
n variable converts the partial differential system into a two-point
boundary value problem in ODEs. The resulting problem is solved
using the shooting method. The numerical procedure starts with an
initial approximation to the pro� le of temperature at the n k station;
using this the radiative divergence term is calculated, and the ODEs
are integrated, using initial guesses of the d2 f / d g 2 , d h / d g at g D 0
to g D g max , where g max is a suf� ciently large value taken to repre-
sent the edge of the boundary layer. At g D g max the solution should
satisfy the boundary conditions (3b) and (3d). A residual function
F(x) may now be de� ned as

F(x) D r(x)T r(x) D
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where

x D (x1 , x2)
T , x1 D d2 f

d g 2
g D 0

, x2 D d h

d g
g D 0

where r is a vector of individual residual functions of dimension 4,
where each component is the term inside each pair of square brack-
ets of Eq. (18). F is in the form of the sum of squares of four terms,
out of which the � rst two are the deviation between the calculated
values and the actual boundary conditions (3b) and (3d), and the
last two terms ensure that f 0, h approach asymptotically the values
0 and h 1 , at g D g max, when F D 0. The objective is to minimize
the function F so that the boundary conditions at g D g max are sat-
is� ed in a least-squaressense. The resultingnonlinear least-squares
problem is solved using a modi� ed Levenberg–Marquardt (LM)
technique in conjunction with a trust region approach.9 The LM
method is a variant of the Gauss–Newton method for the solution
of nonlinear least-squaresproblems; the latter has been used in pure
natural convection problems earlier by Nachtsheim and Swigert.10

The modi� ed LM method based on the trust region strategy has an
excellent convergence rate and is fast because it needs fewer func-
tion evaluations.The iterative procedure is continueduntil the sum
of the residual functions is within 1E-6. This determines the correct
boundaryconditionsd2 f / d g 2 , dh / dg at g D 0. The updatedtemper-
ature pro� le evaluated using the corrected boundary conditions is
now taken as the new approximation, the radiative divergence term
is again calculated, and the scheme is continueduntil the maximum
norm of the relative temperature differences at a number of grid
points in the g variable between two successive iterations is below
1E-4. The numericalprocedure is then continuedfor the subsequent
stations n k C 1, n k C 2 , etc.

For the numerical integration of the ordinary differential equa-
tions, a variable-order,variable-stepAdams–Moulton method with
automatic error control is used.11 The order and the step size are
chosen such that the maximum norm of the relative local trunca-
tion error is within 1.0E-5. Nonuniform step sizes starting from
D n D 0.001 and increased by a factor of 1.1 at each step are used
in the n direction, and g max is taken to be 8.0. Forty-eight (D2m)
directionsare used for the radiationintensitycalculationsin Eqs. (8)
and (9). These values are found to be suf� cient to give satisfactory
grid-independentsolutions.

Results and Discussion
Dimensionless temperature pro� les for various values of n are

shown in Fig. 1. Temperature increases with n . The results of pure
natural convection, i.e., n D 0, compare very well with the data of
Ostrach12 as presented in Burmeister.13 The DOM algorithm for
the radiation analysis has been validated separately by comparing
the results of the present analysis for the radiative � ux, between
two opposing in� nite black parallel plates, against the exact results
presented in Modest.5 The deviation in results is less than 0.1%,
lending support to the accuracy of the radiative transfer analysis.
Comparison of the present results with that of Cheng and Ozisik3

for the case of isotropic scattering is shown in Fig. 1.
To investigate the effect of anisotropic radiation scattering in the

total heat transfer,we consider a linear anisotropicscattering(LAS)

Fig. 1 Dimensionless temperature.
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Fig. 2 Effect of scattering phase functions and albedo.

Fig. 3 Effect of emittance.

model. The single-scattering phase function for the LAS model is
given as

p( l p ) D 1 C a1 l p

where l p is thecosineof theanglebetweenthe in-scatteringandout-
scatteringdirections:a1 D 0 representsisotropic scattering,a1 D C1
indicates strong forward scattering, whereas a1 D ¡1 corresponds
strong backward scattering.Forward scattering enhances the radia-
tive transfer in the direction from the plate to � uid, whereas back-
ward scatteringretardsthe transfer.The slabphasefunction p( l , l 0)
required in Eqs. (8) and (9) can be easily obtained from p( l p)5 .

The variation of Nu/ (Gr/ 4)1/ 4 with the dimensionless axial dis-
tance n is shown in Fig. 2. Nu/ (Gr/ 4)1/ 4 is seen to increase with n .
The effect of degree of anisotropy a1 is also presented in Fig. 2.
For a1 D C1, i.e., for strong forward scattering, the increase in
Nu/ (Gr/ 4)1/ 4 over isotropic scattering is insigni� cant even at the
low valueof Nc , where radiationdominatesover conduction.Strong
backscattering (a1 D ¡1) also affects only insigni� cant reduction
in Nu/ (Gr/ 4)1/ 4 . Increasing in scattering albedo decreases the heat
� ux as observedfrom Fig. 2. x D 1 yields the least heat � ux because
of the total decoupling of convective and radiative heat � uxes for
this case. Figure 3 depicts the variation of heat � ux with emittance.
At higher emittances and ambient temperatures Nu/ (Gr/ 4)1/ 4 in-
creases, and this is obvious because of larger radiation interactions.

Conclusion
Degree of radiationscatteringanisotropydoesnot appear to affect

the total heat � ux from the plate to the � uid.
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Nomenclature
d = diameter of the tube, 2r0, m
f = Darcy–Weissbach friction factor
g = incident radiation function
h = heat transfer coef� cient, q / (Tw ¡ Tb), W/m2-K
I ( g , Os) = radiation intensity at distance g in the direction Os,

W/m2-sr
Ib(T ) = blackbody radiation intensity, W/m2-sr
k = thermal conductivityof the medium, W/m-K
Nc = conduction-radiationnumber, kb / 4r T 3

w

Nu = local Nusselt number, hd/ k
On = normal vector to the surface
Pr = Prandtl number, m / a
Prt = turbulent Prandtl number, e m / e h

p( Os, Os0) = scattering phase function
p( l p) = single-scatteringphase function
q = total heat � ux by convection and radiation, W/m2

Re = Reynolds number, ubd/ m
r = radial distance, m
r0 = radius of the tube, m
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